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INTRODUCTION 
In this paper an explicit expansion formula is given that recaptures a 
generalized axisymmetric potential (GASP), regular in a region between two 
concentric hyperspheres from the arithmetic means of the boundary data taken 
on sets of equally spaced hypercircles. Consequently, a GASP with smooth 
boundary data is uniquely determined by these means and a characterization 
of the means determines those which harmonically continue to a hypersphere. 
A canonical solution for the interior Dirichlet problem on doubly connected 
symmetric domains is then given for GASP with sufficiently smooth extension 
to the boundaries. The analysis follows by application of the integral operator 
methods of Bergman [2] and Gilbert [7, 81 to find function-theoretic generaliza- 
tions of corresponding expansion formulae for analytic functions of a single 
complex variable made by Chui and Ching [4]. 
This extends a result of RIcCoy [I I] on the solution of the interior Dirichlet 
problem in a hypersphere for a regular GASP with sufficiently smooth boundary 
data. That solution is given as a Riemann series expansion of axisymmetric 
harmonic polynomials whose coefficients are evaluated as the arithmetic means 
of the boundary values. In E”, the Method of Ascent [8] solved the corresponding 
problem for a class of axisymmetric elliptic equations with entire function 
coefficients [3, p. 621. The current problem does not extend to this more general 
class of equations on a doubly connected domain because Ascent requires that a 
domain be star-shaped with respect to the origin. 
For constructive solutions to the interior Dirichlet problem on a hypersphere 
by axisymmetric interpolation harmonic polynomial approximates, refer to the 
papers of Marden [lo] and Fryant [6]. And f  or relations between harmonic 
continuation of GASP and Chebyshev approximation to the boundary value by 
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PRELIMINARIES 
Let Fa = Fa(x, y) be a regular solution of the generalized axisymmetric 
potential equation 
(1) 
on a connected domain about the singular line along which the analytic Cauchy 
data: Fa(x, 0) =f(x), (aF/@) (x, 0) = 0 are met. Conveniently, the domain 
may be viewed as its projections Q, into the upper half of the complex C-plane. 
[Note: proj[Q] = {X + iy: (x, y) E fin>]. The reflection F=(x, y) = Fe(x, -31) 
harmonically continues F= as a solution of Eq. (1) on Q- = {Z E C: ZIZ .Q+} 
[8, 141. The resulting harmonic function element consisting of Fa and its reflec- 
tion on Q = Q+ u Q- is called a generalized axisymmetric potential. The initial 
domain of definition [7, 81 from which the harmonic continuations are made 
shall be taken as a simply connected set Q. 
On D, Fa is defined as the transform For = W,[f] of a unique associated 
analytic function f  as follows: 
7 = x: + $I + 5312, 4-45) = 445 - 5-‘P 415, (2) 
where the normalization WJl] = 1 is taken and the contour PO = (5 = eit: 
0 < t < n}. [Note: see [12] or, for an equivalent form of W, , see [7].] Further- 
more, the inverse operator represents f  = IV;l[F”] uniquely in terms of Fa by 
A-4 = s,* We!, 4 - W2) K&-l, t) k(E), 
K&l, E) = ca(l - T”)i(l - 2517 + 12)“+3’z, (3) 
dv,(5) = (1 - 5”)*’ d5, IV;r[l] = 1, 
with contour 9* = [--I, +l]. [Note: see [7].] Each of these relations may be 
harmonically, and, respectively, analytically continued (together with the even 
extensions) from the initial domain of definition to a (larger) domain of associa- 
tion [7] by the Envelope Method [7, 81 as in Hadamard’s multiplication of 
singularities theorem by continuous deformations of the contours 9a and -E”* 
with endpoints fixed at the points (-1, + 1). The Method establishes that the 
domains of association of the GASP and associate are identical. 
The domains of association we consider are the circle C = C+ u C.. and the 
annulus D = D, u D-; 
C+=(zEC:/z <l,Imz>O}, c- ={zEC:zEC+), 
D+={.zEC:Y~<IZ[ <l,Imz>O}, D- =(zEC:~ED+). 
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The domains C+ and D, represent the projections of a hypersphere and region 
between two concentric hyperspheres. The multi-valued GASP function 
elements Fa that arise on D have a single branch ray on the symmetry axis. 
Because of the translation invariance of the GASP, it is taken along the cut 
{X + iO+: --co < E < 0} in D. The principal branch of Fa is then defined as 
F&(X, 0+) =f(~ + ;O+), corresponding to the principal branch of the associate. 
By the singularities theorem cited previously and the law of permanence of 
functional forms, the associate may be recovered on D (independently of a) 
by analytic continuation of the Cauchy data as 
F=(z, 0) =-f(z). (4) 
On compacta of this domain, the expansions 
and 
f(x) = f  a,P 
s=--m 
F+, Y) = f  a,vne(x, y), 
?I=--m 
Vna(x, y) = W&f"], n = 0, *I, f2 ,..., 
(5) 
represent the associate and the GASP. The function elements I/‘,” may be 
evaluated by the Laplace-type integrals for ultraspherical polynomials [ 1, 21 if 
1z > 0 and as a complex Maxwell expansion [7l if 1z < 0. The result is the set of 
multi-valued harmonic function elements 
vnyx, y) = (2 + y2y2 I+)(X!(X2 + y”)“a),‘P~*“)(l), 71 > 0, 
- (--1)-“-1 a 
(-n- l)! 6 ( 1 
--n-1 [w,[(x _ r)-‘]] , = 
Y 0, 12 < 0, 
on the initial domain of definition, where the Pk+) are the ultraspherical poly- 
nomials. In particular, for the axisymmetric potentials in E3, ar = 0 and 
V,“(x, y) = (x’ + yy2 P,(x ‘(x2 + y2)1’2), n 2 0, 
(-l)-“-’ a --n-1 
=(-n-l)! & ( 1 
[(x - r)* + Y2F2 Lo 9 n < 0, 
where the P, are the Legendre polynomials. For non-integral 2cl, VE, may be 
evaluated by Legendre functions as in [7] or by fractional integrals [9]. This 
brings us to our main objective. 
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The class Al+<(D) designates those regular Fa on D for which 
a, = O(l/rG+~), a_, = O(r&l+~), n >o, 
for some E > 0. Following the development for the analytic functions [4] on D, 
only those Fa whose associates are continuous on cl(D) are considered. This is a 
sufficient condition for continuity of Fa on cl(D) in view of the definition of the 
operator W, _ 
The multi-valued generalized axisymmetric annual harmonic function 
elements that form the a basis for the solution of the mean boundary value 
problem are 
and 
n = 1, 2,.... The function p(n) is the Mobius function and n/m means that n is a 
factor of m. The expansion coefficients for F* E Al+<(D) are evaluated by the 
arithmetic means taken from the Cauchy data as 
o,(Fa) = $ L’l F”(cos 2nk/ti, sin 27+/n) 
and 
uoe,(Fa) = $ f Fa(r, cos 2~k, n, To sin 27&n) 
k=l 
for Fm( reie, 0) = F*(r cos 13, Y sin 0) taken at the points UJ,~ = e’2”k/n)i, 0 < K < n, 
n = 1, 2,..., which are interpreted as hypercircles in view of the connection 
between Eq. (1) and the axisymmetric Laplace equation in EQ for 2ar = Q - 3, 
q=3,4 ,.... The limiting averages 
a,(Fa) = ,li+i o,(F&) = & 
I 
2n F*(cos s, sin S) ds 
” 
and 
uo,,(Fa) = ki uoe,(Fa) = &-- /2n’o Fn(r, cos s, r. sin s) ds, 
70 0 
where F”l(eie, 0) = F”(COS 8, sin 0) satisfy the relation YOU, = CT~,~(P’) by 
[4]. The so-called Riemann coefficients of F” 
P,P) = u,zP) - u,(F”), /~o,n(F”) = uo,$-Y - uo.m(W, (11) 
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n = I, 2,..., evaluating the remainders of the series are also required. Because 
of Eq. (4), these means and coefficients are in fact independent of 01. The errors 
in approximate solutions are taken in the sup-norm (1 /I , which is 
~1 Fa /[ = sup{1 P(x, J$: s + zjf E cl(D)}. 
The following representation formula stands. 
THEOREM 1. Let the principal branch of the GASP function element 
Fa E A1+E(D) for some E > 0. Then the principal branch of the harmonic function 
element 
~l~nFEAzY~~ Y) + fl P~,~FW~X~‘, Y) + oJE’7 (12) 
is a uniformly convergent expansion of Fa on compacta of D for all (Y 3 0. The error 




t4Fa)Qn - C P~,~(F”>O~.~ - uJF”> 1 = W/ms)7 
72=1 i 
m = 1, 2,..., for any fixed 6, 0 < 6 < E. 
Proof. Each Fa E A1+E(D) has a unique representation FX = W,[f], generated 
by deforming the contour go as necessary so that the vector 7 E D. The associate 
f  is itself a number of the class A’+‘(D). Therefore, a sequence of analytic 
functions (s,,,) is constructed as in [4] by; 
111 ,,I 
s,,,(4 = C p,P) sd.4 + x ~o.nP) ~1o.n(4 + 4Fb), 
7l=l n=1 
where 
m = 1, 2,..., 
(13) 
(14) 
with the properties that: (i) {sm} is uniformly convergent on compacta of cl(D), 
(ii) the restriction of s = lim,n+m s, to aD and the restriction off to aD are 
identical. Hence, by the maximum principle s = f  on cl(D). 
For each n, select the branch of the harmonic function elements 
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for which WJs,,J is the principal value of S,” = WJs,]. The bound 
and properties of {s,) verify that S& = lim,,, SWa is a GASP on D and con- 
tinuous on cl(D). Then the maximum principal shows that S= =F* on cl(D). 
To establish the estimate on the remainder, apply to Eq. (15) the classical result 
[4] which states that /if - s,, II = O(l/&) for E > 0 and 6 fixed, 0 < 6 < E, 
m = 1, 2,.... 
A direct consequence of this representation formula is the following 
uniqueness characterization. It is obtained by applying the reasoning in [4] to 
the representaiton formula above. 
COROLLARP 1.1. Let the principal branch of the GASP function element F” 
be in class Al+‘(D) for some E > 0 and order (II. If the arithmetic means 
o,(P) = a,,,(P) = 0, n = 1, 2,..., 
then for each order 01 3 0, the GASP F” = 0 on cl(D). 
The identification of those GASP that have a harmonic continuation from D 
to its open convex hull occurs in terms of the complete set of harmonic poly- 
nomials 
m = 1, 2,..., (16) 
H,,“(x, y) = 1, introduced in [l 11. 
COROLLARP 1.2. Let the principal branch of the GASP function element F” 
be in class Al+‘(D) for some E > 0 and order 01. Then Fe has a harmonic continuation 
to the open convex hull of D if, and only if, 
~o,nP) = f fL”(ron, 0) ~n,m(F‘% 71 = 1, 2,.... (17) 
m=l 
Proof. I f  Fa has harmonic continuation to D, the open convex hull of D, 
its associate analytically continues to D. Since the associate F is analytic inde- 
pendent of LX, each F in the family harmonically continues to D. These are 
consequences of the singularities theorem. The analyticity of F= on D may be 
stated in terms of its Riemann coefficients as 
~o.nP”) = f P&O’? ~n.m(F“)> n = 1, 2,..., (18) 
7,,=1 
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with 
P&4 = gn cl@?‘4 z” (19) 
[see 41. However, Hn*(z, 0) =pnl(z), z E C, and H,,=(x,y) = W&,,J so that 
(18) and (19) are equivalent and (17) follows. Clearly, if (18) then f  continues 
analytically to D, Fa harmonically continues to D and (17) is satisfied. 
As an alternate form of Theorem I, let us define for each n, 
h”+ = h,f(cos e) and h,- = h,,-(Y, cos e), 
the non-decreasing Heaviside functions with unit jumps at the hypercircles 
along the intersection of the annulus cl(D) and the hyperplanes xk., = 
cos(27rh/n), R = I,..., n - 1. By selecting the normalizations h,+(l+) = h,-(1+) 
= I, formulas (12) may be rewritten as averages over hyperspheres using 
Stieltjes integrals in the following way: 
a,(F=) = n 
1 
rr Fa(cos +, sin 4) G,+(cos +) d$, 
0 




h,+(cos H) = 
J 
G,+(t) dt + 1 
1 
h,-(Y, cos 0) = [P,eoes G,-(t) dt + 1. 
'1 
Now then, the measures defined as 
dg++, y, cos e) = f  npn+, ~1) G,+(~~~ e) de (20) 
and 
dg-yr, y, cos e) = f  BQ;,,(.~, y) G,-(~~~ e) de 
n=1 
(21) 
play the role of Green’s functions. Thus Theorem 1 appears in equivalent form as 
THEOREM 2. Let the principal branch of the GASP function element FE, a 
member of class #+6(D) for some E > 0 and OL, be normalized by a,(Fa) = q&Fe) 
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= 0. Then for each order JL >: 0, the principal branch 
element is represented bJ 
of the harmonic function 
+ .I, FR(cos 4, sin 4) dg-“(x, y, cos 4) 
uniformly on compacta qf cl(D). 
To illustrate a broader application of these results, we close with an extension 
to a general class of doublv connected sets Q about the origin that are symmetric 
(Q -= 0) and have smooth boundary. Specifically, those sets Q that are smooth 
in the following sense: (i) let Q be the image of D under an explicit conformal 
map 4: si) - D and (ii) let $ and 4-l extend continuously to cl(Q) and cl(D) as 
smooth functions. Then we have the following. 
THEOREM 3. Let 8 be a smooth doubly connected domain and let the conformal 
map q5: Q - D for which 4 E C’(cl(Q)) and d-l E C’(cl(D)). Let the principle 
branch of the GASP function element F* be in -+I1 i+(D) for swme E > 0 and order a. 
Then jw each order OL ~~ 0, the principal branch of the GASP function element 
regular on Q with boundary values WJF c d--l] is given by 
uniformly on conzpacta qf cl(Q) fov Ha = FL 0 c/m’. 
Proof. Let s,, 2. s on cl(D) as in Theorem I and define the sequence of 
functions h,,, = s,,, G 4-l analytic on Q and continuous on cl(Q). The function 
w E s D 4-r = lim,,,_ ~ h,,, is analytic on Q and continuous of cl(Q). Therefore, 
p = rV,,(H*) is a GASP on r;l, with boundary values K’Js 0 d-l]. Since all 
limiting operations are uniformly convergent on compacta of cl(a), by 
replacing Q,& == w,[q, 9 $-‘I and Oo.n = ~&,,, 0 C-‘I and P,MF 0 4-Y and 
p&F* o 4-l) in (12) the theorem is proved by observing that s- = F1 on cl(D). 
We close by remarking that the range of orders - + < 01 < 0 was not included 
in this study due to nontrivial representations of the identity for these values 
[see PII. 
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